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Chapter 6

Simplification of Context-Free

Grammars and Normal Forms

1. Methods for Transforming Grammars
• A Useful Substitution Rule

• Removing Useless Productions

• Removing -Productions

• Removing Unit-Productions

2. Two Important Normal Forms
• Chomsky Normal Form

• Greibach Normal Form

3. A Membership Algorithm for Context-Free 

Grammars*



Learning Objectives
At the conclusion of the chapter, the student will be able to:

• Simplify a context-free grammar by removing useless productions

• Simplify a context-free grammar by removing -productions

• Simplify a context-free grammar by removing unit-productions

• Determine whether or not a context-free grammar is in Chomsky 
normal form

• Transform a context-free grammar into an equivalent grammar in 
Chomsky normal form

• Determine whether or not a context-free grammar is in Greibach 
normal form

• Transform a context-free grammar into an equivalent grammar in 
Greibach normal form
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A Useful Substitution Rule

Theorem 6.1: Let G=(V, T, S, P) be a context-free grammar. Suppose that

P contains a production of the form

A→x1Bx2.

Assume that A and B are different variables and that

B→y1 | y2 | …| yn

is the set of all productions in P which have B as the left side. Let 

be the grammar in which     is constructed by deleting

A→x1Bx2

from P, and adding to it

A→x1y1x2 | x1y2x2 | … | x1ynx2

Then
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A Useful Substitution Rule

Theorem 6.1: 

Example 6.1: Consider G=({A, B}, {a, b, c}, A, P) with productions

A → a | aaA | abBc,

B → abbA | b

Substitute the variable B. 

A → x1Bx2.
B → y1 | y2 | …| yn

A → x1y1x2 | x1y2x2 | … | x1ynx2

B → y1 | y2 | …| yn
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Removing Useless Productions

Definition 6.1: Let G=(V, T, S, P) be a context-free grammar. A variable

AV is said to be useful if and only if there is at least one wL(G) such

that

S => xAy => w, (6.2)

with x, y (VT)*. In words, a variable is useful if and only if it occurs

in at least one derivation. A variable that is not useful is called useless. A 

production is useless if it involves any useless variable.

* *

Example 6.2: Eliminate useless 

variables and productions 

S →A,

A → aA | ,

B → bA.

S → aS | A | C,

A → a,

B → aa,

C → aCb.

Example 6.3: Eliminate useless 

variables and productions 
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Removing Useless Productions
Theorem 6.2: Let G=(V, T, S, P) be a context-free grammar. Then there

exists an equivalent grammar                          that does not contain any

useless variables and productions.

),,,( PSTVG
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Let G=(V, T, S, P) be a context-free grammar. Compute 

V1={AV : A => w T*}. *

1. Set V1 to .

2. Repeat the following step until no more variables are added to V1. 

For every A  V for which P has production of the form

A → x1x2…xn with all xi in V1T

Add A to V1.

S => xAy => w**
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Removing Useless Productions

Let G=(V, T, S, P) be a context-free grammar. Compute 

V2={AV : S => xAy  (VT)*}. *

1. Set V2 ={S}.

2. Repeat the following step until no more variables are added to V2. 

For every B  V for which P has production of the form

A → xBy with x, y(TV)* and AV2

Add B to V2.

S => xAy => w**

Theorem 6.2: Let G=(V, T, S, P) be a context-free grammar. Then there

exists an equivalent grammar                          that does not contain any

useless variables and productions.
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Removing -Productions

Definition 6.2: Any production of a context-free grammar of the form

A→ is called a -production. Any variable A for which the derivation

A=> is possible is called nullable.*

Example 6.4:  Eliminate -productions

The language L={anbn: n1)

|

,

11

1

baSS

baSS

→

→ 𝑆 → 𝑎𝑆1𝑏|𝑎𝑏,
𝑆1 → 𝑎𝑆1𝑏|𝑎𝑏



10

Removing -Productions

Theorem 6.3: Let G be a context-free grammar with  not in L(G). Then

there exists an equivalent grammar     having no -productions.G


Step 1:  Let G=(V, T, S, P) be a context-free grammar. 

Compute all nullable variables 

VN = {AV : A => }. 

1) For all production A → , put A in VN.

2) Repeat the following step until no further variables are added to VN. 

For all productions

B →A1A2…An,

where A1, A2, …, An are in VN, put B into VN.

*

Step 2: Remove all -productions and add productions by 

Replacing all nullable variables with  in all possible combinations
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Removing -Productions

Theorem 6.3: Let G be a context-free grammar with  not in L(G). Then

there exists an equivalent grammar     having no -productions.G


Step 1:  Let G=(V, T, S, P) be a context-free grammar. 

Compute all nullable variables 

VN = {AV : A => }. *

Examples: Assume B and C  VN. Then 

1) For A → ByC, adding productions A → y | yC | By

2) For A → BC, adding productions A → C | B

Step 2: Remove all -productions and add productions by 

Replacing all nullable variables with  in all possible combinations
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Removing -Productions

Example 6.5: Eliminate -productions

.
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BCA

ABaCS
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
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dD

DC

bB

BCCBA

aBaAaaCABa

AaCBaCABaCS
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→

→

→
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Removing Unit-Productions

Definition 6.3: Any production of a context-free grammar of the form

A→B where A, B  V is called a unit-production. 

Example 6.6: Eliminate 

unit-productions

Theorem 6.4: Let G=(V, T, S, P) be any context-free grammar without

-productions. Then there exists a context-free grammar                       

that does not have any unit-productions and that is equivalent to G.
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bbAB

BAaS
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bcbbaB

bcbbaA

AabbbcaS

→

→

→
Steps: 1. Put all non-unit productions of P into

2. For A => B, add to

A → y1 | y2 | …| yn,

where B → y1 | y2 | …| yn in 

P


* P


P

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Removing -Productions
Removing Unit-Productions

Removing Useless Productions

Theorem 6.5: Let L be a context-free language that does not contain . 

Then there exists a context-free grammar that generate L and that does

not have any useless productions, -productions, or  unit-productions.

Steps: 1. Remove -productions

2. Remove unit-productions

3. Remove useless productions
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Chomsky Normal Form

Definition 6.4: A context-free grammar is in Chomsky normal form if all

productions are of form

A → BC, or

A → a

where A, B, C are in V, and a is in T.

Example 6.7: 

bSAA

ASS

|

,

→

→

aaSAA

AASASS

|

,|

→

→

In Chomsky normal form

Not in Chomsky normal form
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Chomsky Normal Form

Theorem 6.6: Any context-free grammar G=(V, T, S, P) with   L(G) 

has an equivalent grammar                         in Chomsky normal form.)ˆ,,ˆ,ˆ(ˆ PSTVG =

Example 6.8:

Convert the grammar to 

Chomsky normal form AcB

aabA

ABaS

→

→

→ ,
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Chomsky Normal Form

Theorem 6.6: Any context-free grammar G=(V, T, S, P) with   L(G) 

has an equivalent grammar                         in Chomsky normal form.)ˆ,,ˆ,ˆ(ˆ PSTVG =

Example 6.8:

Convert the grammar to 

Chomsky normal form AcB

aabA

ABaS

→

→

→ ,
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Greibach Normal Form

Definition 6.5: A context-free grammar is in Greibach normal form if all

productions are of form

A → ax

where a is in T and x is in V*.

Example 6.9: 

bB

bbBaAA

ABS

→

→

→

,||

,

In Greibach normal form

Not in Greibach normal form

bB

bbBaAA

bBbBBaABS

→

→

→

,||

,||
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Greibach Normal Form

Theorem 6.7: Any context-free grammar G=(V, T, S, P) with   L(G) 

has an equivalent grammar                         in Greibach normal form.)ˆ,,ˆ,ˆ(ˆ PSTVG =

Example 6.10: Convert the grammar 

into Greibach normal form 
aaabSbS |→


