Recall: The two update steps in robot localization

1. ACTION (or prediction) update: the robot moves and estimates its
position through its proprioceptive sensors. During this step, the robot
uncertainty grows. This step uses the Total Probability formula to update
belief

bel(x;) = p(x¢|ue, xe—1) * bel(x;_1) p(x) = jp(-\'l,")})()’)ch‘

)

2. PERCEPTION (or measurement) update: the robot makes an
observation using its exteroceptive sensors and correct its position by
opportunely combining its belief before the observation with the
probability of making exactly that observation. During this step, the robot
uncertainty shrinks. This step uses the Bayes Rule to update belief.

bel(xc) =1 p(zclxe) - bel(x,) _ p[x)p(x)
p(x|y) =
Py)




Recall: Markov versus Kalman localization

» Two approaches exist to represent the probability distribution and to
compute the Total Probability and Bayes Rule during the Action and
Perception phases

 Markov approach:

— The configuration space is divided into many cells. Each cell contains the
probability of the robot to be in that cell.

— The probability distribution of the sensors model is also discrete.

—During Action and Perception, all the cells are updated. Therefore, the
computational cost is very high.

« Kalman approach:

— The probability distribution of both the robot configuration and the sensor
model is assumed to be continuous and Gaussian!

—Need only to update mean value p and covariance 2. Therefore the
computational cost is very low!



Gaussian (Normal) Distribution: Univariate
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Gaussian (Normal) Distribution: Multivariate

Multivariate Normal Distribution

Multivariate
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Properties of Gaussians

X~N(u,0%)
Y=aX+0b

} =  Y~N(au+ b, a%c?) <—UnivTriate
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X,~N (2, 02°) (H)P(Xz) 012 + 0,° = 01° + 0,° "2 0172+ 0,77

X~N(u,X) o Y~N(Au+ B, AZAT) <« Multivariate Gaussians
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X1~N(u1, 231)} Dy 2 1
= P(X)P(X,)~N 4 ,
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* We stay in the “Gaussian world” as long as we start with Gaussians and
perform only linear transformations.



Discrete Kalman Filter

» The state transition probability p(x¢|x¢-1,u¢) must be a linear function in
its arguments with added Gaussian noise.

x; = Apxe_q + Beug + & %D \[7/(‘/ %L/ -

-x; and x;_, are state vectors, and \/\

—u; IS the control vector at time

* The measurement probability p(z:|x,) must be a linear function in its
arguments with added Gaussian noise

Zy = Ctxt + 51:



Components of a Kalman Filter

Xt — Atxt_l + Btut + gt
Zy = Ctxt ~+ 5t

A,  Matrix (nxn) that describes how the state evolves from {-1to ¢
without controls or noise.

B, Matrix (nxm) that describes how the control u, changes the
state from -7 to t.

C, Matrix (kxn) that describes how to map the state x, to an
observation z..

&  Random variables representing the process and measurement
noise that are assumed to be independent and normally
6;  distributed with covariance R, and Q, respectively.



Linear Gaussian Systems: Initialization

* Initial belief is normally distributed:

bel(xq) = N(xo; Lo, Zo)

u State mean matrix (n x 1).

)) State covariance matrix (n X n)



Linear Gaussian Systems: Dynamics

* Dynamics are linear function of state and control plus additive
noise:

Xt = AeXe—q + Brue + & Total Probability formula

w(xt) = p(xe|ue, xe—1) * bel(x¢—1)

ACTION (or prediction) update

He = Agpy—1 + Brug

bel(x,) =1 —
elxe) S = A2 1AF + R,



Linear Gaussian Systems: Observations

* Observations are linear function of state plus additive noise:

Zy = Cexy + 64 <Js: (\/O>/‘7<f>”—1 ey
Xt

Bayes Rule
PERCEPTION (or correction) update bel(x) =1 - p(zc|xc) - bel(xy)

e = iy + Ke(zg — Cefiy)

bel — _
elix) 5, = (I — K.C)Zy

Where K, = 2,CI (C.Z,CT + Q,)~" called Kalman Gain
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Kalman Filter Algorithm

1.

=~ W

© o N oo

Algorithm Kalman_filter( ., 2., U, z):  %¢ = AcXe-a + Beie + &

Prediction:
H, = Aele—1 + By

Et — Atzt_lAZ + Rt

Correction:
K, = 2,C/ (C2.Cf + Q)7

te = 4, + Ke(ze — Cepty)
Xy = - KtCt)Et

Return p, %,

Zy = Ctxt + 61—

If R, — 0, Then the correction updates
are mostly ignored.

If Q; = 0, Then K; — 1.
Adjust primarily with the corrections

If Q; = large, Then K; — 0.
Adjust primarily with the prediction



Kalman Filter Prediction Update in 1D

2
+ Ogect t

w( ) = He = Qefe—1
Xt = A X¢—1q + btut + Et Xt) = _tz = a%o‘tz_l
Ze = CeXe + O — fe = Aeple—1 + Brug
bel(x;) = i= T
Zt — Atzt_lAt + Rt




Kalman Filter Correction Update in 1D

Ue = fe + Ke(z¢ — fie) . G
bel = h K, =
e { ot =-Kkpst " T G g,
Ue = fie + Ke(z¢ — Cefie) — —
bel(x,;) = _ with K, =X.cTc.2.cf + 071
(x¢) { 5, = (I — K,C)Z, ¢ tCr (Ce2:Cr + Qp)




The Prediction-Correction-Cycle

Prediction

_ fle = Aepe—1 + brue
bel(x;) = {@2 = a%atz_l + O_c%Ct,t

— fie = Aete—1 + Brug
bel(x,) = {Et = 4,2, AT +R,




The Prediction-Correction-Cycle
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The Prediction-Correction-Cycle

Prediction

Bl = Ue = fe + Ke(ze — fir) _ 6
t of = (1—K)6¢ ' 6%+ G2,
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t = tCt) 2t

Correction
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Kalman Filter Updates in 1D: Example

Xt — Xt_l +ut -+ gt

Prediction

e = .ut 1 T U
t —Ut 1+Uactt

bel(xt) = {

Correction

U = e + Ke (2 — i)
Pel) = { o = (1~ K)o?
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Kalman Filter Update in 1D: Python Code

xt — xt_l +ut + gt

Prediction
— He = Ue—q + Uy
bel(x;) =1 _
(xe) Gf = 0fq + O-c%ct,t
Correction
_ _2 —2
ot
bel(xt) — ﬂt — :u'tO-Ob],t Zto-t

—2 |, ~2
O¢ + Ogpjit

correct (meanl, wvarl, mean2, wvar?):
new mean = (varZ * meanl + wvarl *

new var = 1/(1/varl + 1/var2)
[new mean, new var]

Zt=xt+5t

predict (meanl, wvarl, mean2, wvar?2):
new mean = meanl + meanZ2
new var = varl + varZ2

[new mean, new var]

2 1
; /(1 of ! 1/53bs,t)

meanz) / (varl + war2)



Kalman Filter Update in 1D: Prediction

# Write a program that will predict your new mean and variance
# given the mean and wvariance of your prior belief

mu = 10.0

sig = 4.0

# and the mean and wvariance of your motion.
motion = 12.0
motion sig = 4.0
ief predict(meanl, wvarl, mean2, wvar2):
new mean = meanl + mean2
new var = varl + varZz

return [new mean, new var]

print (predict(mu, sig, motion, motion sig))

(22.0, 5.0]



Kalman Filter Update in 1D: Correction

# Write a program to correct your mean and variance

# when given the mean and variance of your current belief
mu = 10.0

sig = 8.0

# and the mean and variance of your measurement.
measurement = 13.0
measurement sig = 2.0

d=f correct (meanl, wvarl, meanZ, wvarz):
new mean = (meanl*var2 + mean2*varl)/ (varl + war?2)
new var = 1/ (1/varl + 1/varZ2)

return [new mean, new var]

print (correct(mu, sig, measurement, measurement sig))
(12.4, 1.¢]
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Programming Assignment 3 (PA2A)

* Write a program that will iteratively prediction and correction based on the
location measurements and inferred motions shown below.

predict (meanl, wvarl, mean2, var2):
new mean = meanl + mean2
new var = varl + wvarZ2

[new mean, new var]

correct (meanl, wvarl, meanZ, wvard):
new mean = (var2 * meanl + varl * mean2) / (varl + varz2)
new var = 1/(1/varl + 1/var2)

[new mean, new var]

measurements = [5., ©., 7., 9., 10.]
motion = [0., 1., 1., 2., 1.]
measurement sig = 4.

motion sig = 2.

mu = 4

sig = 10000

#Please print out ONLY the final wvalues of the mean
#and the wvariance in a list [mu, sig].

# Insert code here
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