
Recall: Programming Assignment 3 (PA2A)

• Write a program that will iteratively prediction and correction based on the 
location measurements and inferred motions shown below. 
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Kalman Filter Prediction Update in 2D

𝑋𝑡 = (𝑥𝑡 , ሶ𝑥𝑡)
𝑇

𝑥𝑡 = 𝑥𝑡−1 + ሶ𝑥𝑡−1 × ∆𝑡 +
1

2
ሷ𝑥𝑡−1 × Δ𝑡2

ሶ𝑥𝑡 = ሶ𝑥𝑡−1 + ሷ𝑥𝑡−1 × Δ𝑡

𝑏𝑒𝑙(𝑋𝑡) = ൝
ǉ𝜇𝑡 = 𝐴𝑡𝜇𝑡−1 + 𝐵𝑡𝑢𝑡

Σ𝑡 = 𝐴𝑡Σ𝑡−1𝐴𝑡
𝑇 + 𝑅𝑡

𝑋𝑡 = 𝐴𝑡𝑋𝑡−1 + 𝐵𝑡𝑢𝑡 + 𝜀𝑡
𝑧𝑡 = 𝐶𝑡𝑋𝑡 + 𝛿𝑡

𝐴𝑡 =
1 ∆𝑡
0 1

𝐶𝑡 =
1 0
0 1𝐵𝑡 =

Δ𝑡2/2
Δ𝑡

𝑢𝑡 = (𝛼)

ሷ𝑥𝑡 = 𝛼
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Kalman Filter Correction Update in 2D

𝑋𝑡 = (𝑥𝑡 , ሶ𝑥𝑡)
𝑇

𝑥𝑡 = 𝑥𝑡−1 + ሶ𝑥𝑡−1 × ∆𝑡 +
1

2
ሷ𝑥𝑡−1 × Δ𝑡2

ሶ𝑥𝑡 = ሶ𝑥𝑡−1 + ሷ𝑥𝑡−1 × Δ𝑡

𝑋𝑡 = 𝐴𝑡𝑋𝑡−1 + 𝐵𝑡𝑢𝑡 + 𝜀𝑡
𝑧𝑡 = 𝐶𝑡𝑋𝑡 + 𝛿𝑡

𝐴𝑡 =
1 ∆𝑡
0 1

𝐶𝑡 =
1 0
0 1𝐵𝑡 =

Δ𝑡2/2
Δ𝑡

𝑢𝑡 = (𝛼)

ሷ𝑥𝑡 = 𝛼

𝑏𝑒𝑙(𝑥𝑡) = ൝
𝜇𝑡 = ǉ𝜇𝑡 + 𝐾𝑡(𝑧𝑡 − 𝐶𝑡 ǉ𝜇𝑡)

Σ𝑡 = (𝐼 − 𝐾𝑡𝐶𝑡)Σ𝑡
with 𝐾𝑡 = Σ𝑡𝐶𝑡

𝑇(𝐶𝑡Σ𝑡𝐶𝑡
𝑇 + 𝑄𝑡)

−1
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Kalman Filter Updates in 2D

𝑏𝑒𝑙(𝑋𝑡) = ൝
ǉ𝜇𝑡 = 𝐴𝑡𝜇𝑡−1 + 𝐵𝑡𝑢𝑡

Σ𝑡 = 𝐴𝑡Σ𝑡−1𝐴𝑡
𝑇 + 𝑅𝑡

𝑋𝑡 = 𝐴𝑡𝑋𝑡−1 + 𝐵𝑡𝑢𝑡 + 𝜀𝑡
𝑧𝑡 = 𝐶𝑡𝑋𝑡 + 𝛿𝑡

𝐴𝑡 =
1 ∆𝑡
0 1

𝐶𝑡 =
1 0
0 1𝐵𝑡 =

Δ𝑡2/2
Δ𝑡

𝑢𝑡 = (𝛼)

Prediction

Correction

𝑏𝑒𝑙(𝑥𝑡) = ൝
𝜇𝑡 = ǉ𝜇𝑡 + 𝐾𝑡(𝑧𝑡 − 𝐶𝑡 ǉ𝜇𝑡)

Σ𝑡 = (𝐼 − 𝐾𝑡𝐶𝑡)Σ𝑡
with 𝐾𝑡 = Σ𝑡𝐶𝑡

𝑇(𝐶𝑡Σ𝑡𝐶𝑡
𝑇 + 𝑄𝑡)

−1
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𝐴𝑡 =
1 ∆𝑡
0 1

𝐵𝑡 =
Δ𝑡2/2
Δ𝑡

𝑢𝑡 = (𝛼)

Prediction Update

𝑏𝑒𝑙(𝑋𝑡) = ൝
ǉ𝜇𝑡 = 𝐴𝑡𝜇𝑡−1 + 𝐵𝑡𝑢𝑡

Σ𝑡 = 𝐴𝑡Σ𝑡−1𝐴𝑡
𝑇 + 𝑅𝑡
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Correction Update

𝑧𝑡 = 𝐶𝑡𝑋𝑡 + 𝛿𝑡

𝐶𝑡 =
1 0
0 1

𝑏𝑒𝑙(𝑥𝑡) = ൝
𝜇𝑡 = ǉ𝜇𝑡 + 𝐾𝑡(𝑧𝑡 − 𝐶𝑡 ǉ𝜇𝑡)

Σ𝑡 = (𝐼 − 𝐾𝑡𝐶𝑡)Σ𝑡
with 𝐾𝑡 = Σ𝑡𝐶𝑡

𝑇(𝐶𝑡Σ𝑡𝐶𝑡
𝑇 + 𝑄𝑡)

−1

X

COV



Programming 
Assignment 4 (PA2B)

• Complete the following 

program that will iteratively 

predict and correct based 

on the distance and speed 

measurements and a given 

initial state and acceleration 

by inserting your code in the 

specified spaces below. 
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Kalman Filter Prediction Update in 4D

𝑏𝑒𝑙(𝑥𝑡) = ൝
ǉ𝜇𝑡 = 𝐴𝑡𝜇𝑡−1 + 𝐵𝑡𝑢𝑡

Σ𝑡 = 𝐴𝑡Σ𝑡−1𝐴𝑡
𝑇 + 𝑅𝑡

𝑋𝑡 = 𝐴𝑡𝑋𝑡−1 + 𝐵𝑡𝑢𝑡 + 𝜀𝑡 𝑧𝑡 = 𝐶𝑡𝑋𝑡 + 𝛿𝑡

𝑋𝑡 = (𝑥𝑡, 𝑦𝑡 , ሶ𝑥𝑡, ሶ𝑦𝑡)
𝑇

𝑢𝑡 =
𝛼
𝛽

𝐴𝑡 =

1 0
0 1

Δ𝑡 0
0 Δ𝑡

0 0
0 0

1 0
0 1

𝐶𝑡 =

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

𝐵𝑡 =

Δ𝑡2/2 0

0 Δ𝑡2/2
Δ𝑡 0
0 Δ𝑡

`

𝑥𝑡 = 𝑥𝑡−1 + ሶ𝑥𝑡−1 × ∆𝑡 +
1

2
ሷ𝑥𝑡−1 × Δ𝑡2

ሶ𝑥𝑡 = ሶ𝑥𝑡−1 + ሷ𝑥𝑡−1 × Δ𝑡 ሷ𝑥𝑡 = 𝛼

𝑦𝑡 = 𝑦𝑡−1 + ሶ𝑦𝑡−1 × ∆𝑡 +
1

2
ሷ𝑦𝑡−1 × Δ𝑡2

ሶ𝑦𝑡 = ሶ𝑦𝑡−1 + ሷ𝑦𝑡−1 × Δ𝑡 ሷ𝑦𝑡 = 
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Kalman Filter Correction Update in 4D

𝑋𝑡 = 𝐴𝑡𝑋𝑡−1 + 𝐵𝑡𝑢𝑡 + 𝜀𝑡 𝑧𝑡 = 𝐶𝑡𝑋𝑡 + 𝛿𝑡

𝑋𝑡 = (𝑥𝑡, 𝑦𝑡 , ሶ𝑥𝑡, ሶ𝑦𝑡)
𝑇

𝑢𝑡 =
𝛼
𝛽

𝑏𝑒𝑙(𝑥𝑡) = ൝
𝜇𝑡 = ǉ𝜇𝑡 + 𝐾𝑡(𝑧𝑡 − 𝐶𝑡 ǉ𝜇𝑡)

Σ𝑡 = (𝐼 − 𝐾𝑡𝐶𝑡)Σ𝑡
with 𝐾𝑡 = Σ𝑡𝐶𝑡

𝑇(𝐶𝑡Σ𝑡𝐶𝑡
𝑇 + 𝑄𝑡)

−1

𝐴𝑡 =

1 0
0 1

Δ𝑡 0
0 Δ𝑡

0 0
0 0

1 0
0 1

𝐶𝑡 =

1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

𝐵𝑡 =

Δ𝑡2/2 0

0 Δ𝑡2/2
Δ𝑡 0
0 Δ𝑡

`

𝑥𝑡 = 𝑥𝑡−1 + ሶ𝑥𝑡−1 × ∆𝑡 +
1

2
ሷ𝑥𝑡−1 × Δ𝑡2

ሶ𝑥𝑡 = ሶ𝑥𝑡−1 + ሷ𝑥𝑡−1 × Δ𝑡 ሷ𝑥𝑡 = 𝛼

𝑦𝑡 = 𝑦𝑡−1 + ሶ𝑦𝑡−1 × ∆𝑡 +
1

2
ሷ𝑦𝑡−1 × Δ𝑡2

ሶ𝑦𝑡 = ሶ𝑦𝑡−1 + ሷ𝑦𝑡−1 × Δ𝑡 ሷ𝑦𝑡 = 



Programming Project #2: Kalman Localization in 4D
PP2-KalmanFilter4D.py

• Write a program 

that will iteratively 

predict and correct 

based on the 

distance and speed 

measurements and 

a given initial state 

and acceleration in 

4D. 
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Nonlinear Dynamic Systems

• Most realistic robotic problems involve nonlinear functions

𝑥𝑡 = 𝑔(𝑢𝑡 , 𝑥𝑡−1)

𝑧𝑡 = ℎ(𝑥𝑡)
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Linearity Assumption Revisited
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Non-linear Function
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EKF Linearization (1)
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EKF Linearization (2) 
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EKF Linearization (3)
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• Prediction:

• Correction:

EKF Linearization: First Order Taylor Series Expansion

𝑔(𝑢𝑡, 𝑥𝑡−1) ≈ 𝑔(𝑢𝑡, 𝜇𝑡−1) +
𝜕𝑔(𝑢𝑡, 𝜇𝑡−1)

𝜕𝑥𝑡−1
(𝑥𝑡−1 − 𝜇𝑡−1)

𝑔(𝑢𝑡, 𝑥𝑡−1) ≈ 𝑔(𝑢𝑡, 𝜇𝑡−1) + 𝐺𝑡 (𝑥𝑡−1 − 𝜇𝑡−1)

ℎ(𝑥𝑡) ≈ ℎ( ǉ𝜇𝑡) +
𝜕ℎ( ǉ𝜇𝑡)

𝜕𝑥𝑡
(𝑥𝑡 − ǉ𝜇𝑡)

ℎ(𝑥𝑡) ≈ ℎ( ǉ𝜇𝑡) + 𝐻𝑡 (𝑥𝑡 − ǉ𝜇𝑡)
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EKF Algorithm 

1. Extended_Kalman_filter( mt-1,St-1, ut, zt):

2. Prediction:

3.

4.

5. Correction:

6.

7.

8.

9. Return mt ,St

ǉ𝜇𝑡 = 𝑔(𝑢𝑡 , 𝜇𝑡−1)

Σ𝑡 = 𝐺𝑡Σ𝑡−1𝐺𝑡
𝑇 + 𝑅𝑡

𝐾𝑡 = Σ𝑡𝐻𝑡
𝑇(𝐻𝑡Σ𝑡𝐻𝑡

𝑇 + 𝑄𝑡)
−1

𝜇𝑡 = ǉ𝜇𝑡 + 𝐾𝑡(𝑧𝑡 − ℎ( ǉ𝜇𝑡))

Σ𝑡 = (𝐼 − 𝐾𝑡𝐻𝑡)Σ𝑡

𝐺𝑡 =
𝜕𝑔(𝑢𝑡 , 𝜇𝑡−1)

𝜕𝑥𝑡−1
𝐻𝑡 =

𝜕ℎ( ǉ𝜇𝑡)

𝜕𝑥𝑡

𝜇𝑡 = 𝐴𝑡𝜇𝑡−1 + 𝐵𝑡𝑢𝑡

Σ𝑡 = 𝐴𝑡Σ𝑡−1𝐴𝑡
𝑇 + 𝑅𝑡

𝐾𝑡 = Σ𝑡𝐶𝑡
𝑇(𝐶𝑡Σ𝑡𝐶𝑡

𝑇 + 𝑄𝑡)
−1

𝜇𝑡 = 𝜇𝑡 + 𝐾𝑡(𝑧𝑡 − 𝐶𝑡𝜇𝑡)

Σ𝑡 = (𝐼 − 𝐾𝑡𝐶𝑡)Σ𝑡

𝑥𝑡 = 𝑔(𝑢𝑡 , 𝑥𝑡−1)

𝑧𝑡 = ℎ(𝑥𝑡)

𝑥𝑡 = 𝐴𝑡𝑥𝑡−1 + 𝐵𝑡𝑢𝑡 + 𝜀𝑡

𝑧𝑡 = 𝐶𝑡𝑥𝑡 + 𝛿𝑡
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Localization

• Given

– Map of the environment.

– Sequence of sensor measurements.

• Wanted

– Estimate of the robot’s position.

• Problem classes

– Position tracking

– Global localization

– Kidnapped robot problem (recovery)

“Using sensory information to locate the robot in its environment 
is the most fundamental problem to providing a mobile robot with 
autonomous capabilities.”                 [Cox ’91]
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