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Chapter 4
Properties of Regular Languages

1. Closure Properties of Regular Languages

• Closure under Simple Set Operations

• Closure under Other Operations

2. Elementary Questions about Regular Languages

3. Identifying Nonregular Languages

• Using the Pigeonhole Principle

• A pumping Lemma
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Identifying Nonregular Languages
Example 4.6 (Using the pigeonhole principle): 

Is the language L={anbn: n0} regular?

If we put n objects into m boxes (pigeonholes), and if n > m, then 
at least one box must have more than one item in it.

Using a proof by contradiction

Suppose L is regular. Then some dfa M = (Q, {a, b}, δ, q0, F) exists for it.

Now look at δ*(q0, ai ) for i = 1, 2, 3,…. 

There must be some state, say q, such that

𝛿∗ 𝑞0, 𝑎
𝑚 = 𝛿∗ 𝑞0, 𝑎

𝑛 = 𝑞 with 𝑚 ≠ 𝑛

𝛿∗ 𝑞0, 𝑎
𝑚𝑏𝑛 = 𝛿∗ 𝛿∗ 𝑞0, 𝑎

𝑚 , 𝑏𝑛 = 𝛿∗ 𝛿∗ 𝑞0, 𝑎
𝑛 , 𝑏𝑛 = 𝛿∗ 𝑞0, 𝑎

𝑛𝑏𝑛

𝑎𝑚𝑏𝑛 ∈ 𝐿 A contradiction L is not regular
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A pumping Lemma
Theorem 4.8 (Pumping lemma): 

Let L be an infinite regular language. Then there exists

some positive integer m such that any wL with |w|m can 

be decomposed as 

w=xyz with |xy|m, and |y|1, 

such that

wi=xyiz  L, i=0, 1, 2,…
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A pumping Lemma
Theorem 4.8 (Pumping lemma): 

Let L be an infinite regular language. Then there exists

some positive integer m such that any wL with |w|m can 

be decomposed as 

w=xyz with |xy|m, and |y|1, 

such that

wi=xyiz  L, i=0, 1, 2,…

∃𝑚∀𝑤∃𝑥𝑦𝑧∀𝑖(𝑤𝑖 ∈ 𝐿)

𝑚 > 0
𝑤 ∈ 𝐿
𝑤 ≥ 𝑚
𝑤 = 𝑥𝑦𝑧
𝑥𝑦 ≤ 𝑚
𝑦 ≥ 1

𝑤𝑖 = 𝑥𝑦𝑖𝑧
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∃𝑚∀𝑤∃𝑥𝑦𝑧∀𝑖(𝑤𝑖 ∈ 𝐿)

𝑚 > 0
𝑤 ∈ 𝐿
𝑤 ≥ 𝑚
𝑤 = 𝑥𝑦𝑧
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Idea of using pumping Lemma

∃𝑚∀𝑤∃𝑥𝑦𝑧∀𝑖(𝑤𝑖 ∈ 𝐿)

¬(∃𝑚∀𝑤∃𝑥𝑦𝑧∀𝑖(𝑤𝑖 ∈ 𝐿)) ⟺
∀𝑚∃𝑤∀𝑥𝑦𝑧∃𝑖(𝑤𝑖 ∉ 𝐿)

Show an infinite regular language L is not regular: 

If L violates the pumping lemma, then L is not regular.

L satisfies the pumping lemma

L violates the pumping lemma

∀𝑚∃𝑤∀𝑥𝑦𝑧∃𝑖(𝑤𝑖 ∉ 𝐿)

𝑚 > 0
𝑤 ∈ 𝐿
𝑤 ≥ 𝑚
𝑤 = 𝑥𝑦𝑧
𝑥𝑦 ≤ 𝑚
𝑦 ≥ 1

𝑤𝑖 = 𝑥𝑦𝑖𝑧
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Example 4.7 Using the pumping lemma to show that 

L={anbn: n0} is not regular?

∀𝑚∃𝑤∀𝑥𝑦𝑧∃𝑖(𝑤𝑖 ∉ 𝐿)

𝑚 > 0
𝑤 ∈ 𝐿
𝑤 ≥ 𝑚
𝑤 = 𝑥𝑦𝑧
𝑥𝑦 ≤ 𝑚
𝑦 ≥ 1

𝑤𝑖 = 𝑥𝑦𝑖𝑧



Applying the pumping lemma
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∀𝑚∃𝑤∀𝑥𝑦𝑧∃𝑖(𝑤𝑖 ∉ 𝐿)
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Example 4.8: Let ={a, b}. Show that L={wwR : w*}

is not regular.

∀𝑚∃𝑤∀𝑥𝑦𝑧∃𝑖(𝑤𝑖 ∉ 𝐿)

𝑚 > 0
𝑤 ∈ 𝐿
𝑤 ≥ 𝑚
𝑤 = 𝑥𝑦𝑧
𝑥𝑦 ≤ 𝑚
𝑦 ≥ 1

𝑤𝑖 = 𝑥𝑦𝑖𝑧
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Example 4.9: Let ={a, b}. L={w*: na(w)<nb(w)}

is not regular.

∀𝑚∃𝑤∀𝑥𝑦𝑧∃𝑖(𝑤𝑖 ∉ 𝐿)

𝑚 > 0
𝑤 ∈ 𝐿
𝑤 ≥ 𝑚
𝑤 = 𝑥𝑦𝑧
𝑥𝑦 ≤ 𝑚
𝑦 ≥ 1

𝑤𝑖 = 𝑥𝑦𝑖𝑧
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Example 4.10: L={(ab)nak : n>k, k0} is not regular.

∀𝑚∃𝑤∀𝑥𝑦𝑧∃𝑖(𝑤𝑖 ∉ 𝐿)

𝑚 > 0
𝑤 ∈ 𝐿
𝑤 ≥ 𝑚
𝑤 = 𝑥𝑦𝑧
𝑥𝑦 ≤ 𝑚
𝑦 ≥ 1

𝑤𝑖 = 𝑥𝑦𝑖𝑧
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Example 4.11: L={an : n is a perfect square} is not regular.

∀𝑚∃𝑤∀𝑥𝑦𝑧∃𝑖(𝑤𝑖 ∉ 𝐿)

𝑚 > 0
𝑤 ∈ 𝐿
𝑤 ≥ 𝑚
𝑤 = 𝑥𝑦𝑧
𝑥𝑦 ≤ 𝑚
𝑦 ≥ 1

𝑤𝑖 = 𝑥𝑦𝑖𝑧
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Example 4.12: L={anbkcn+k : n0, k0} is not regular.
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Example 4.13: L={anbk : nk} is not regular.



Applying the pumping lemma
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Some Common Pitfalls
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