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Exercise Set 10.1*

1. LetA = {2,3,4} and B = {6, 8, 10} and define a binary re-

9. Let X = {a, b, c}. Recall that P(X) is the power set of X,

. Let A =
than” re

lation R from A to B as follows: Define a binary relation Z on &(X) as follows: F
Forall (x,y) € Ax B, (x,¥)€ R & xl|y. Forall A, B € Z(X), ] State ex
a Is4 R671Is4 R 8215 (3,8) € R?Is (2,10) € R? A% B < A hasthe same number of elements as B. E Let A=
b. Write R as a set of ordered pairs. a. Is {a, b} % {b, ¢}? b. Is {a} Z {a, b}? vides” 1
9
2. LetC = {2,3, 4,5} and D = {3, 4} and define a binary re- . Is {c} 2 {b)1 4 ]
lation S from C to D as follows: 10. Let X = {a, b, ¢}. Define a binary relation SFonP(X)as State ex
Forall (x,y) e Cx D, (x,¥) € S & x=y. Tollows: 3 ©19. Let S b
a 152547154 S 321s (4,4) € S71s (3,2) € §? Forall 4, Be 200, ASB & ANBZED £
b. Write S as a set of ordered pairs. a. Is{a} # {c}? b. Is {a, b} Z {b,c}?
?
3. As in Example 10.1.2, the congruence modulo 2 relation c. Is{a,b} F {a, b c}? (that is,
E is defined from Z to Z as follows: 11. Let S be the set of all strings of a’s and b’s of length 4. a. Isai
For all integersm andn, mEn & m—1n is even. Define a relation R on § as follows: 6 Jsln
Foralls,t €S, . e. Isa
a IsOE071s5 E2?1s (6,6) € E?Is (—=1,7) € E? # o 1 T — i1 20. Defi
b. Prove that for any even integer n,n E 0. sRe & s'has the SAme st twe CRAECER a5 & e chne
: 2 9
H 4. Prove that for all integers m and n,m —n is even if, and e is RRR 2 abbgl; b. Tsaabb R bbaa! Fi
only if, both m and n are even 01 both m and n are odd. C. SEan 3. 60655 Draw t
5. The congruence modulo 3 relation, 7', is defined from Z to H 12. I?et A={4,5,6}and B =15, 6,7} and define binary rela- ; 21. a. Rew
7 aefollows: tions R, S, and T from A to B as follows: 4 o
For all integersmandn, mTn < 3| (m —n). Forall (x,y) € A % B, @.yeR & x5 b. Rev
T Forall (x,y) € Ax B, xSy < 21 (x —y). of tl
a Is10T 121s 1 T 1071s 2,2) € T?Is 8,1) € T? _
b. List five integers n such thatn T 0. T={47.(65, 67} - 22. a. Sup
c. List five integers n such thatn T' 1. a. Draw arrow diagrams for R, S, and T'. Is £
d. List five integers n such that n T 2. b. Indicate whether any of the relations R, S, and T are b you
H e. Make and prove a conjecture about which integers are functions. ’ ISHII)
lated by T to 0, which int Jated by T to 1, . . : y
related by * 0 which integers are related by T'to 13. a. Find all binary relations from {0,1} to {1}. you
and which integers are related by T' to 2. . : :
b. Find all functions from {0,1} to {1}. Draw the di
6. Define a binary relation S from R to R as follows: c. What fraction of the binary relations from {0, 1} to {1} ' belo ca
are functions? ] W
Forall (x,y) €eRxR, xSy & x=)V. 23. Defin
14. Find four bi lations f , b} to {x, y} that are not T ©
a Ts (2 1) € $2Ts (2,2) € $7Ts2 §32Ts (=1) S (=2)? ind four binary relations from {a, b to {x ¥} gt ot {(0, 0)
. . functions from {a, b} to {x, y}. ;
b. Draw the graph of S in the Cartesian plane. -
. ; : . 24. Define
; . H 15. Suppose A is a set with elements and B is a set with 7
7. Define a binary relation R from R to R as follows: i {(a, b)
Forall (x,y) eRxR, xRy & »y= x2. a. How many binary relations are there from A to B? Ex- - 25, Let A
9 ? 9 ] plasi » o A4
a. Is(2,4) e R7Is (4, 2_) €R?Is (—.3) R9?1s9 R (=3)7 b. How many functions are there from A to B? Explain.
b. Draw the graph of R in the Cartesian plane. . What fraction of the binary relations from A to B are :
8. Define a binary relation P on Z as follows: functions? H26. Let A
Forallm,n € Z, 16. Define a binary relation P from R to R as follows: Aasf
m Pn < mandn have acommon prime factor. For all real numbers x and y, .
a. Is15P257  b. 22 P27? y)eP & x=»y. 27 Let A
c. 1s0P5? d. Is8 P 87 . _ e
Is P a function? Explain.

*For exercises with blue numbers or letters, solutions are given in Appendix B. The symbol H indicates that only a hint or a partial
solution is given. The symbol > signals that an exercise is more challenging than usual. :
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Let A={3,4,5} and B = {4, 5, 6} and let R be the “less
than” relation. That is,

Forall (x,y) e AxB, xRy & x<y.

State explicitly which ordered pairs are in R and R~.

Let A={3,4,5} and B = {4, 5, 6} and let S be the “di-
vides” relation. That is,

Forall(x,y) e AxB, xSy <& x|y.

State explicitly which ordered pairs are in S and S~1.

Let S be the set of all strings in a’s and b’s. Define a relation
T on § as follows:

Foralls,teS, sTt <& t=uas

(that is, £ is the concatenation of a with s).

a. Isab T aab? b. Isaab T ab?

c. Isba T aba? d. Is aba T7! ba?
e. Isabb T~ bba? f. Is abba T~! bba?

Define a relation R from R to R as follows:

Forall (x,y) e RxR, xRy <& y=|x].

Draw the graphs of R and R~! in the Cartesian plane.

a. Rewrite the definition of one-to-one function using the
notation of the definition of a function as a relation.

b. Rewrite the definition of onto function using the notation
of the definition of function as a relation.

a. Supposea function F: X — Y isone-to-one but not onto.
Is F~! (the inverse relation for F) a function? Explain
your answer.

b. Supposea function F: X — Y isonto but not one-to-one.
Is F~! (the inverse relation for F) a function? Explain
YOUT answer.

Draw the directed graphs of the binary relations defined in 23-27
below.

23.

24.

25.

H 26,

27,

Define a binary relation R on A =1{0,1,2,3} by R=
{(0,0), (1,2),(2,2)}.

Define a binary relation S on B = {a,b,c,d} by S=
{(a,b), (a,0), (b, 0), (d,d)}.

Let A={2,3,4,5,6,7, 8} and define a binary relation R
on A as follows:

Forallx,ye A, xRy <& x]|y.

Let A={5,6,7,8,9, 10} and define a binary relation S on
A as follows:

Forallx,ye A, xSy <& 2|(x—y).

Let A ={2,3,4,5,6,7, 8} and define a binary relation T
on A as follows:

Forallx,ye A, xTy <& 3|(x-—y).

28.
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In Example 10.1.11 the result of the query SELECT
Patient_ID#, Name FROM S WHERE Primary_Diag-
nosis = X is the projection onto the first two coordinates
of the intersection of the set A; x Ay X Az x {X} with the
database.
a. Find the result of the query SELECT Patient_ID#, Name
FROM § WHERE Primary_Diagnosis = pneumonia.
b. Find the result of the query SELECT Patient_ID#, Name
FROM § WHERE Primary_Diagnosis = appendicitis.

Exercises 29-33 refer to unions and intersections of relations.
Since binary relations are subsets of Cartesian products, their
unions and intersections can be calculated as for any subsets.
Given two relations R and S from A to B,

29.

30.

31.

32:

33:

RUS={(x,y)€e AxB|(x,y) € Ror(x,y) € S}
RNS={(x,y)€e AxB|(x,y) € Rand (x,y) € S}.
Let A ={2,4} and B = {6, 8, 10} and define binary rela-
tions R and S from A to B as follows:
Forall (x,y) € A X B,
Forall (x,y) € A X B,

xRy & x]|y.
xSy & y—4=x.

State explicitly which ordered pairs are in A X B, R, S,
RUS,and RN S.

Let A={-1,1,2,4} and B ={1,2} and define binary

relations R and S from A to B as follows:

Forall (x,y) € A x B,
For all (x,y) € A X B,

xRy < IxI=1Iy

xSy <4 x—yiseven

State explicitly which ordered pairs are in A X B, R, S,
RUS, and RN S.

Define R and S from R to R as follows:

R={(x,y) eRxR|x <y} and
§S={(,y) eRxR|x =y}

That is, R is the “less than” relation and S is the “equals”
relation from R to R. Graph R, S, RU S, and R N S in the
Cartesian plane.

Define binary relations R and S from R to R as follows:
R={(x,y) eRxR|x*+y*=4} and
S={(x,y) eRxR|x=y}.

Graph R, §, RU S, and R N § in the Cartesian plane.

Define binary relations R and S from R to R as follows:

R={(x,y)eRxR|y=|x|} and
S={(x,y)eRxR|y=1}
Graph R, S, RU S, and R N § in the Cartesian plane.
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Exercise Set 10.2

By definition of R this means that
Forallm,neZ, if3|(m—n)and3|(n — p)then3|(m — p).

Is this true? Suppose m, n, and p are particular but arbitrarily chosen integers such that
3| (m —n)and3 | (n — p). Mustitfollow that3 | (m — p)? By definition of “divides »
since

3|m—=n) and 3|(—p),
then
m —n = 3r for some integer r,
and

n— p =3s forsome integer s.

The crucial observation is that (m — n) + (n — p) = m — p. Add these two equations

together to obtain
(m —n)+ (n— p) =3r+3s,
which is equivalent to
m—p=23@+s).
Since r and s are integers, 7 + s is an integer, and so this equation shows that
3] (@m = p).
It follows that R is transitive.

The reasoning above is formalized in the following proof.

Proof of Transitivity: Suppose m, n, and p are particular but arbitrarily chosen in-
tegers that satisfy the condition m R n and n R p. [We must show that m R p.] By
definition of R, sincem Rn andn R p,then 3| (m — n) and 3 | (n — p). By definition
of “divides,” this means that m — n = 3r and n — p = 3s, for some integers 7 and s.
Adding the two equations gives (m — n) + (n — p) = 3r + 35, and simplifying gives
that m — p = 3(r + s). Since r + s is an integer, this equation shows that 3 | (m — ).
Hence, by definition of R, m R p [as was to be shown)]. B

In 1-8 a number of binary relations are defined on the set 8. Rg = {(0,0), (1, 1)}

A =10, 1,2, 3}. For each relation:

a. Draw the directed graph.

b. Determine whether the relation is reflexive.
c. Determine whether the relation is symmetric.

In 9-11, R, S, and T are binary relations defined on A =
{0,1,2,3}.

9. Let R = {(0, 1), (0,2), (1, 1), (1,3), (2,2), (3, 0)}.

d. Determine whether the relation is transitive. Find R?, the transitive closure of R.

Give a counterexample in each case in which the relation does
not satisfy one of the properties.

1. R, ={(0,0), (0, 1), (0,3), (1, 1), (1,0), (2,3), (3,3)}

10~ Let N = {(Oa 0), (0, 3)1 (17 O)’ (1, 2)7 (27 0)7 (37 2)}'
Find §*, the transitive closure of S.

11. Let T = {(0,2), (1, 0), (2,3), (3, 1)}. Find T", the transi-

v@ R2 = {(0: 0)1 (0? 1): (]-s 1)s (17 2)s (2’ 2)’ (2! 3)} tive closure of T.

3. R3 = {(2, 3), (3, 2)}

“:z_t Re=1{(1,2), 2,1, 1,3), 3, 1)}
5. RS = {(05 O)a (O> 1)’ (O’ 2)7 (Is 2)}
7. R =1{(0,3), 2, 3)}

6. Rs ={(0,1), (0,2)}

In 12-36 determine whether the given binary relation is reflexive,
symmetric, transitive, or none of these. Justify your answers.

12. R is the “greater than or equal to” relation on the set of real
numbers: Forallx,ye R, x Ry & x > y.

2

13. C is the
x,y€ER

14. D is the
x,y€R

15. E is the
m,n €2

i

(16, F is th
—m,n €12
“17. O is the
m,n €1

18. D is the
m and n

. 19. Aisthe’
x and y,

© 20. Recalltl

1 and h:
self. (Ir
defined
prime m

[21 Let St
relation
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(thatis,
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13.

14.

15.

(16./-F is the congruence modulo 5 relation on Z: For all

17.
18.
19.

20.

TN
' 21,

Lot

23.

24.

25,

26.

27.

C is the circle relation on the set of real numbers: For all
LYER,xCy&e x2+y2=1.

D is the binary relation defined on R as follows: For all
x,yeR,x Dy xy>0.

E is the congruence modulo 2 relation on Z: For all
mneZmEn<2|(m—n).

mn€ZL,mFn<5|(n—n).

O is the binary relation defined on Z as follows: For all
m,ne€Z,mOn<& m—nisodd.

D is the “divides” relation on Z*: For all positive integers
mandn,m Dn < m|n.

A is the “absolute value” relation on R: For all real numbers
xandy,x Ay <& |x| = |yl

Recall that a prime number is an integer that is greater than
1 and has no positive integer divisors other than 1 and it-
self. (In particular, 1 is not prime.) A binary relation P is
defined on Z as follows: Forall m,n € Z,m Pn < J a
prime number p such that p |m and p | n.

Let S be the set of all strings of a’s and &’s. A binary
relation L is defined on S as follows: For all strings
s,te€S,s Lt<&I(s) <I(t) where ! is the length function
(that is, the number of characters in s is less than the number
of characters in 7).

Let B be the set of all strings of 0’s and 1’s. A binary relation
G is defined on B as follows: Foralls,t € B,s G t < the
number of 0’s in s is greater than the number of 0’s in ¢.

Let X = {a, b, c} and Z(X) be the power set of X (the set
of all subsets of X). A binary relation # is defined on £2(X)
as follows: Forall A, B € #(X), A# B < the number of
elements in A equals the number of elements in B.

Let X = {a, b, ¢} and F(X) be the power set of X. A bi-
nary relation &% is defined on Z(X) as follows: For all
A,Be #X),AZ B & N(A) < N(B) (thatis, the num-
ber of elements in A is less than the number of elements
in B).

Let X ={a, b,c} and H(X) be the power set of X. A
binary relation ./ is defined on £?(X) as follows: For
all A,B e #(X),A N B & N(A) # N(B) (that is, the
number of elements in A is not equal to the number of ele-
ments in B).

Let A be a nonempty set and Z?(A) the power set of A.
Define the “subset” relation ¢ on #?(A) as follows: For
alX, Y e #(A),X Y& XCVY.

Let A be a nonempty set and Z(A) the power set of A.
Define the “not equal to” relation % on Z(A) as follows:
Forall X,Y € Z(A), X ZY & X #7.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.
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Let A be a nonempty set and Z?(A) the power set of A.
Define the “relative complement” relation € on Z(A) as
follows: Forall X,Y € Z(A),X¥Y &Y =A—-X.

Let A be a set with at least two elements and Z?(A) the
power set of A. Define a relation Z on &?(A) as follows:
Forall X, Y €e (A, XZY & XCYorY C X.

Let A be the set of all English statements. A binary relation
I is defined on A as follows: Forall p,q € A,
plq< p— qistree.

Let A = R x R. Abinary relation & is defined on A as
follows: For all (xy, y;) and (xo, y5) in A,
(1, 1) Z (%2, y2) & x1 = x3.

Let A = R x R. Abinary relation Z is defined on A as
follows: For all (x;, y;) and (x3, y;) in A,
(*1, 1) Z (x2, y2) & y1 = ».

Let A be the “punctured plane”; that is, A is the set of all
points in the Cartesian plane except the origin (0, 0). A bi-
nary relation R is defined on A as follows: For all p; and
p2in A, p1 R p; <& p; and p; lie on the same half line
emanating from the origin.

Let A be the set of people living in the world today. A
binary relation R is defined on A as follows: For all
p.q € A, p R g & plives within 100 miles of g.

Let A be the set of all lines in the plane. A binary relation R
is defined on A as follows: Foralll; and,in A,[; R I, & 4
is parallel to /,. (Assume that a line is parallel to itself.)

Let A be the set of all lines in the plane. A binary relation R
is defined on A as follows: Foralll;and,in A,[; R I, & [4
is perpendicular to /.

Let A be a set with eight elements.

a. How many binary relations are there on A?

b. How many binary relations on A are reflexive?

¢. How many binary relations on A are symmetric?

d. How many binary relations on A are both reflexive and
symmetric?

Write a computer algorithm to test whether a binary rela-
tion R defined on a finite set A is reflexive, where A =

{a[1], a[2], ..., a[n]}.

Write a computer algorithm to test whether a binary re-
lation R defined on a finite set A is symmetric, where
A ={a[l],al2],...,aln]}.

Write a computer algorithm to test whether a binary re-
lation R defined on a finite set A is tramsitive, where
A = {a[l], al2], ..., a[n]}.
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b. There is one equivalence class for each distinct rational number. Each equivalence
class consists of all ordered pairs (a, b) that, if written as fractions a/b, would equal
each other. The reason for this is that the condition for two rational numbers to b
equal is the same as the condition for two ordered pairs to be related. For instance, the
class of (1, 2) is

[(1,2]1=1{Q1,2),(-1,-2), (2,4, (-2,-4), (3,6), (=3, -6), ...}
1 -1 2 =2 3

- -5
1 — =— = - =— = — = — and so forth.
smce 5 ) 4 ) 7 6 and Sso I0: . /

It is possible to expand the result of Example 10.3.10 to define operations of addition

and multiplication on the equivalence classes of R that satisfy all the same properties as
the addition and multiplication of rational numbers. (See exercise 39.) It follows that
the rational numbers can be defined as equivalence classes of ordered pairs of integers,

Exercise Set 10.3

1. Supposethat S = {a, b, ¢, d, e} and R is a binary relation on
Ssuchthata Rb, b R c,and d R e. List all of the following
that must be true if R is (a) reflexive (but not symmetric or
transitive), (b) symmetric (but not reflexive or transitive),
(c) transitive (but not reflexive or symmetric), and (d) an
equivalence relation.

¢cRb cRc aRc bRa aRd eRa eRd cRa

2. Each of the following partitions of {0, 1, 2, 3, 4} induces a
relation R on {0, 1, 2, 3, 4}. In each case, find the ordered
pairs in R.

a. {0,2}, {1}, {3,4}
c. {0},{1,2,3,4}

b. {0}, {1, 3,4}, {2}

In 2-12, the relation R is an equivalence relation on the set A.
Find the distinct equivalence classes of R.

3. A=1{0,1,2,3,4}
R =1{(0,0), (0,4, (1,1), (1,3),(2,2),3, 1), (3,3),
(4,0), 4,4)}

.4. A=1{a,b,c,d}
R ={(a,a), (b, b), (b,d), (c,¢c),(d,b), (d,d)}

5. A={1,2,3,4,...,20}. R is defined on A as follows:

Forallx,y€e A, xRy <& 4|(x-—y).

——

[ 6.:A={-4,-3,-2,-1,0,1,2,3,4,5}. R is defined on A
" as follows:

Forallx,ye A, xRy <& 3|(x—y).

Similarly (see exercise 40), it can be shown that all integers, negative and zero included,
can be defined as equivalence classes of ordered pairs of positive integers. But in the late
nineteenth century, F. L. G. Frege and Giuseppe Peano showed that the positive integers
can be defined entirely in terms of sets. And just a little earlier, Richard Dedekind (1848-
1916) showed that all real numbers can be defined as sets of rational numbers. All together,
these results show that the real numbers can be defined using logic and set theory alone.

7. A={(1,3),(2,4), (-4, -8),(3,9,(1,5), 3, 6)}. Risde-
fined on A as follows: For all (a, b), (¢, d) € A,

(@,b) R (c,d) <& ad=bc.
8. X ={a,b,cland A = P(X). Risdefined on A as follows:

Forall setsvandvin #(X), URv <& N(@U)=N(®).

(That is, the number of elements in v equals the number of
elements in v.)

9, X ={-1,0,1} and A = & (X). R is defined on P (X) as
“ ' follows: For all sets s and 7in 2(X),

Y

SRT < the sum of the elements in s equals the sum
of the elements in 7.

10. A is the set of all strings of length 4 in a’s and b’s. R is
defined on A as follows: For all strings s and ¢ in A,

s Rt < the first two characters of s equal the
first two characters of ¢.

11. A is the set of all strings of length 2 in 0’s, 1’s, and 2’s. R
is defined on A as follows: For all strings s and ¢ in 4,

s Rt < the sum of the characters in s equals the sum
of the characters in ¢.

12. A={-5,—4,-3,-2,-1,0,1,2,3,4,5}. Risdefinedon
A as follows:

Forallmne Z, mRn <& 3|m?—n?.




13. Determine which of the following congruence relations are
true and which are false.
a. 17 =2 (mod 5)
c. —2 = —8(mod 3)

b. 4 = —5 (mod 7)
d. —6 =22 (mod 2)

14. a. Let R be the relation of congruence modulo 3. Which of

the following equivalence classes are equal?
(71, [=41, [6], [171, [4], [27], [19]

b. Let R be the relation of congruence modulo 7. Which of
the following equivalence classes are equal?

(351, (31, [-7], [12], [0], [-2], [17]

Prove that for all integers m and n, m = n (mod 3) if,
and only if, m mod 3 = n mod 3.

b. Provethatforallintegers m and n and any positive integer
d,m = n (mod d) if, and only if, m mod d = n mod d.

15. a.

16. a. Give an example of two sets that are distinct but not dis-
joint.
b. Find sets A; and A, and elements x, y and z such that x
and y are in A; and y and z are in A, but x and z are not
both in either of the sets A; or A;.

In 17-28, (1) prove that the relation is an equivalence relation,
and (2) describe the distinct equivalence classes of each relation.

17. A is the set of all students at your college.
a. R is the relation defined on A as follows: For all x and
yin A,

x Ry < x has the same major (or double
major) as y.

(Assume “undeclared” is a major.)
b. Sistherelationdefinedon A asfollows: Forallx, y € A,

xSy <& xisthe same age as y.

H 18. E is the relation defined on Z as follows:

Forallm,ne Z, mEn < 2|(m—n).

ey

L 19.; F is the relation defined on Z as follows:

——t

Forallm,ne Z, mFn < 4|(m—n).

{ 20I Let A be the set of all statement forms in three variables
L— p, g, and r. Z is the relation defined on A as follows: For

all Pand Qin A,
PZ% Q < P and Q have the same truth table.

21. Let P be a set of parts shipped to a company from various
suppliers. S is the relation defined on P as follows: For all
x,y€P,

XSy < xhas the same part number and is
shipped from the same supplier as y.
22. A is the “absolute value” relation defined on R as follows:
Forallx,y € R,

xAy & |x|=|yl
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23. [ is the relation defined on R as follows:

ey Forallx,ye R, xIy < x—yisaninteger.
;/ '24. D is the relation defined on Z as follows:
(77D

Forallm,neZ, mDn < 3|(@m?—n?.

25. Define P on the set R x R of ordered pairs of real numbers
as follows: For all (w, x), (y,2) € R xR,

(w,x) P (y,2)

26. Let A be the set of identifiers in a computer program. It is
common for identifiers to be used for only a short part of the
execution time of a program and not to be used again to exe-
cute other parts of the program. In such cases, arranging for
identifiers to share memory locations makes efficient use of
a computer’s memory capacity. Define R on A as follows:
For all identifiers x and y,

& w=)y.

x Ry <& the values of x and y are stored in the
same memory location during
execution of the program.

H 27. Let A be the set of all straight lines in the Cartesian plane.

Define a relation || on A as follows:

Foralll;andL,in A, ||l < [ isparalleltol,.

28. Let P be the set of all points in the Cartesian plane except
the origin. R is the relation defined on P as follows: For all
ppand ppin P,

& p; and p, lie on the same half-line
emanating from the origin.

1R p2

29. Let A be the set of points in the rectangle with x and y
coordinates between 0 and 1. That is,

A={(x,y) eRxR|0<x<1 and 0=<y<Il1}

Define a relation R on A as follows: For all (x;, y() and
(x2, y2) in A,

(x1, y1) R (x2, y2) &
(x1, y1) = (%2, y2); o1

X = and x =1 and y;=y,;; or
x1=1 and x =0 and y =y; or
yy=0 and y,=1 and x; =x; or
= 1 and Y2 = 0 and X1 = X3.

In other words, all points along the top edge of the rectangle
are related to the points along the bottom edge directly be-
neath them, and all points directly opposite each other along
the left and right edges are related to each other. The points
in the interior of the rectangle are not related to anything
other than themselves. Then R is an equivalence relation
on A. Imagine gluing together all the points that are in the
same equivalence class. Describe the resulting figure.



