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Some	  previous	  projects	  

•  Twenty	  Ques4ons	  
•  Library	  Search	  Assistant	  
•  Euclid's	  Game	  
•  FedEx	  on	  the	  Go	  
•  BaBleship	  Game	  
•  Line-‐Following	  Robot	  
•  Connect	  Four	  
•  CS	  Course	  Chooser	  

Some	  previous	  projects	  

•  Learning	  Checkers	  
•  Shoot	  ‘em	  Up	  
•  Agent	  Using	  Gene4c	  Algorithm	  
•  Guess	  Who	  
•  Color	  Memory	  Game	  
•  TicTac	  Chat	  
•  Eight	  Queens	  	  
•  Super	  Mario	  Bros.	  AI	  
	  

Some	  previous	  projects	  

•  Blackjack	  with	  various	  AI	  solu4on	  
•  Intelligent	  Pong	  
•  Wine	  without	  Whining	  
•  Neural	  Net	  OCR	  
•  The	  Sherpa	  –	  hike	  recommender	  
•  Virtual	  Pet	  
•  Sudoku	  
•  Lego	  Mindstorms	  color	  sorter	  
	  

Some	  previous	  projects	  

•  Maze	  Solving	  
•  Spam	  Filtering	  
•  Intelligent	  Crew	  Scheduler	  
•  Machine	  Transla4on:	  English/Japanese	  
•  Cross-‐Country	  Game	  
•  Chatbot	  
•  Turing	  Test	  

Search	  
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Chapter	  3	  

•  Search	  
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– Problem	  types	  
– Problem	  formula4on	  
– Example	  problems	  
– Basic	  search	  algorithms	  
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Problem-‐solving	  agents	   Example:	  Romania	  
•  On	  holiday	  in	  Romania;	  currently	  in	  Arad.	  
•  Flight	  leaves	  tomorrow	  from	  Bucharest	  
	  
•  Formulate	  goal:	  

–  be	  in	  Bucharest	  
	  
•  Formulate	  problem:	  

–  states:	  various	  ci4es	  
–  ac4ons:	  drive	  between	  ci4es	  

	  
•  Find	  solu4on:	  

–  sequence	  of	  ci4es,	  e.g.,	  Arad,	  Sibiu,	  Fagaras,	  Bucharest	  
	  

Example:	  Romania	   Problem	  types	  
•  Determinis4c,	  fully	  observable	  à	  single-‐state	  problem	  

–  Agent	  knows	  exactly	  which	  state	  it	  will	  be	  in;	  solu4on	  is	  a	  sequence	  
	  
•  Non-‐observable	  à	  sensorless	  problem	  (conformant	  problem)	  

–  Agent	  may	  have	  no	  idea	  where	  it	  is;	  solu4on	  is	  a	  sequence	  
	  
•  Nondeterminis4c	  and/or	  par4ally	  observable	  à	  con4ngency	  problem	  

–  percepts	  provide	  new	  informa4on	  about	  current	  state	  
–  oben	  interleave}	  search,	  execu4on	  

	  
•  Unknown	  state	  space	  à	  explora4on	  problem	  

Example:	  vacuum	  world	  

•  Single-‐state,	  start	  in	  #5.	  
Solu4on?	  

	  

Example:	  vacuum	  world	  
•  Single-‐state,	  start	  in	  #5.	  	  

Solu4on?	  [Right,	  Suck]	  
	  

•  Sensorless,	  start	  in	  	  
{1,2,3,4,5,6,7,8}	  e.g.,	  	  
Right	  goes	  to	  {2,4,6,8}	  	  
Solu4on?	  
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Example:	  vacuum	  world	  
•  Sensorless,	  start	  in	  	  

{1,2,3,4,5,6,7,8}	  e.g.,	  	  
Right	  goes	  to	  {2,4,6,8}	  	  
Solu4on?	  	  
[Right,Suck,Le8,Suck]	  

	  

•  Con4ngency	  	  
–  Nondeterminis4c:	  Suck	  may	  	  

dirty	  a	  clean	  carpet	  
–  Par4ally	  observable:	  loca4on,	  dirt	  at	  current	  loca4on.	  
–  Percept:	  [L,	  Clean],	  i.e.,	  start	  in	  #5	  or	  #7	  

Solu4on?	  	  
	  

Example:	  vacuum	  world	  
•  Sensorless,	  start	  in	  	  

{1,2,3,4,5,6,7,8}	  e.g.,	  	  
Right	  goes	  to	  {2,4,6,8}	  	  
Solu4on?	  	  
[Right,Suck,Le8,Suck]	  

	  

•  Con4ngency	  	  
–  Nondeterminis4c:	  Suck	  may	  	  

dirty	  a	  clean	  carpet	  
–  Par4ally	  observable:	  loca4on,	  dirt	  at	  current	  loca4on.	  
–  Percept:	  [L,	  Clean],	  i.e.,	  start	  in	  #5	  or	  #7	  

Solu4on?	  [Right,	  if	  dirt	  then	  Suck]	  

Single-‐state	  problem	  formula4on	  
A	  problem	  is	  defined	  by	  four	  items:	  
	  
	  
1.  ini4al	  state	  e.g.,	  "at	  Arad"	  
	  
2.  ac4ons	  or	  successor	  func4on	  S(x)	  =	  set	  of	  ac4on–state	  pairs	  	  

–  e.g.,	  S(Arad)	  =	  {<Arad	  à	  Zerind,	  Zerind>,	  …	  }	  
	  
3.  goal	  test,	  can	  be	  

–  explicit,	  e.g.,	  x	  =	  "at	  Bucharest"	  
–  implicit,	  e.g.,	  Checkmate(x)	  

	  
4.  path	  cost	  (addi4ve)	  

–  e.g.,	  sum	  of	  distances,	  number	  of	  ac4ons	  executed,	  etc.	  
–  c(x,a,y)	  is	  the	  step	  cost,	  assumed	  to	  be	  ≥	  0	  

	  

•  A	  solu4on	  is	  a	  sequence	  of	  ac4ons	  leading	  from	  the	  ini4al	  state	  to	  a	  goal	  state	  
	  

Selec4ng	  a	  state	  space	  
•  Real	  world	  is	  absurdly	  complex	  	  

à	  state	  space	  must	  be	  abstracted	  for	  problem	  solving	  
	  
•  (Abstract)	  state	  =	  set	  of	  real	  states	  
	  
•  (Abstract)	  ac4on	  =	  complex	  combina4on	  of	  real	  ac4ons	  

–  e.g.,	  "Arad	  à	  Zerind"	  represents	  a	  complex	  set	  of	  possible	  routes,	  detours,	  
rest	  stops,	  etc.	  	  

•  For	  guaranteed	  realizability,	  any	  real	  state	  "in	  Arad“	  must	  get	  to	  some	  real	  
state	  "in	  Zerind"	  

	  
•  (Abstract)	  solu4on	  =	  	  

–  set	  of	  real	  paths	  that	  are	  solu4ons	  in	  the	  real	  world	  
	  
•  Each	  abstract	  ac4on	  should	  be	  "easier"	  than	  the	  original	  problem	  
	  

Vacuum	  world	  state	  space	  graph	  

•  states?	  
•  ac4ons?	  
•  goal	  test?	  
•  path	  cost?	  
	  

Vacuum	  world	  state	  space	  graph	  

•  states?	  integer	  dirt	  and	  robot	  loca4on	  	  
•  ac4ons?	  Le8,	  Right,	  Suck	  
•  goal	  test?	  no	  dirt	  at	  all	  loca4ons	  
•  path	  cost?	  1	  per	  ac4on	  
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Example:	  The	  8-‐puzzle	  

•  states?	  
•  ac4ons?	  
•  goal	  test?	  
•  path	  cost?	  

Example:	  The	  8-‐puzzle	  

•  states?	  loca4ons	  of	  4les	  	  
•  ac4ons?	  move	  blank	  leb,	  right,	  up,	  down	  	  
•  goal	  test?	  =	  goal	  state	  (given)	  
•  path	  cost?	  1	  per	  move	  
	  
[Note:	  op4mal	  solu4on	  of	  n-‐Puzzle	  family	  is	  NP-‐hard]	  
	  

Example:	  robo4c	  assembly	  

•  states?:	  real-‐valued	  coordinates	  of	  robot	  joint	  angles	  parts	  of	  
the	  object	  to	  be	  assembled	  

	  
•  ac4ons?:	  con4nuous	  mo4ons	  of	  robot	  joints	  
	  
•  goal	  test?:	  complete	  assembly	  
	  
•  path	  cost?:	  4me	  to	  execute	  
	  

Tree	  search	  algorithms	  

•  Basic	  idea:	  
–  offline,	  simulated	  explora4on	  of	  state	  space	  by	  genera4ng	  
successors	  of	  already-‐explored	  states	  (a.k.a.~expanding	  
states)	  

	  

Tree	  search	  example	   Tree	  search	  example	  
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Tree	  search	  example	   Implementa4on:	  general	  tree	  search	  

Implementa4on:	  states	  vs.	  nodes	  

•  A	  state	  is	  a	  (representa4on	  of)	  a	  physical	  configura4on	  
•  A	  node	  is	  a	  data	  structure	  cons4tu4ng	  part	  of	  a	  search	  tree	  includes	  state,	  

parent	  node,	  ac4on,	  path	  cost	  g(x),	  depth	  

•  The	  Expand	  func4on	  creates	  new	  nodes,	  filling	  in	  the	  various	  fields	  and	  
using	  the	  SuccessorFn	  of	  the	  problem	  to	  create	  the	  corresponding	  
states.	  

	  

Search	  strategies	  
•  A	  search	  strategy	  is	  defined	  by	  picking	  the	  order	  of	  node	  expansion	  
•  Strategies	  are	  evaluated	  along	  the	  following	  dimensions:	  

–  completeness:	  does	  it	  always	  find	  a	  solu4on	  if	  one	  exists?	  
–  4me	  complexity:	  number	  of	  nodes	  generated	  
–  space	  complexity:	  maximum	  number	  of	  nodes	  in	  memory	  
–  op4mality:	  does	  it	  always	  find	  a	  least-‐cost	  solu4on?	  

	  
•  Time	  and	  space	  complexity	  are	  measured	  in	  terms	  of	  	  

–  b:	  maximum	  branching	  factor	  of	  the	  search	  tree	  
–  d:	  depth	  of	  the	  least-‐cost	  solu4on	  
–  m:	  maximum	  depth	  of	  the	  state	  space	  (may	  be	  ∞)	  

	  

Uninformed	  search	  strategies	  
•  Uninformed	  search	  strategies	  use	  only	  the	  
informa4on	  available	  in	  the	  problem	  defini4on	  

	  
•  Breadth-‐first	  search	  
•  Uniform-‐cost	  search	  
	  
•  Depth-‐first	  search	  
•  Depth-‐limited	  search	  
•  Itera4ve	  deepening	  search	  
	  

Breadth-‐first	  search	  

•  Expand	  shallowest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  is	  a	  FIFO	  queue,	  i.e.,	  new	  successors	  go	  at	  
end	  
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Breadth-‐first	  search	  

•  Expand	  shallowest	  unexpanded	  node	  
•  Implementa4on:	  fringe	  is	  a	  FIFO	  queue,	  
i.e.,	  new	  successors	  go	  at	  end	  

	  

Breadth-‐first	  search	  

•  Expand	  shallowest	  unexpanded	  node	  
	  
•  Implementa4on:	  fringe	  is	  a	  FIFO	  queue,	  i.e.,	  
new	  successors	  go	  at	  end	  

	  

Proper4es	  of	  breadth-‐first	  search	  

•  Complete?	  Yes	  (if	  b	  is	  finite)	  
	  
•  Time?	  1+b+b2+b3+…	  +bd	  +	  b(bd-‐1)	  =	  O(bd+1)	  
	  
•  Space?	  O(bd+1)	  (keeps	  every	  node	  in	  memory)	  
	  
•  Op4mal?	  Yes	  (if	  cost	  =	  1	  per	  step)	  
	  
•  Space	  is	  the	  bigger	  problem	  (more	  than	  4me)	  
	  

Uniform-‐cost	  search	  
•  Expand	  least-‐cost	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fronQer	  =	  priority	  queue	  ordered	  by	  path	  cost	  g(n)	  
	  
•  Equivalent	  to	  breadth-‐first	  if	  step	  costs	  all	  equal	  
	  
•  Complete?	  Yes,	  if	  step	  cost	  ≥	  ε	  
	  
•  Time?	  #	  of	  nodes	  with	  g	  ≤	  cost	  of	  op4mal	  solu4on,	  O(bceiling(C*/	  ε))	  where	  C*	  

is	  the	  cost	  of	  the	  op4mal	  solu4on	  
•  Space?	  #	  of	  nodes	  with	  g	  ≤	  cost	  of	  op4mal	  solu4on,	  O(bceiling(C*/	  ε))	  
	  
•  Op4mal?	  Yes	  –	  nodes	  expanded	  in	  increasing	  order	  of	  g(n)	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
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Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  



9/13/15 

8 

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Depth-‐first	  search	  

•  Expand	  deepest	  unexpanded	  node	  
	  
•  Implementa4on:	  

–  fringe	  =	  LIFO	  queue,	  i.e.,	  put	  successors	  at	  front	  
	  

Proper4es	  of	  depth-‐first	  search	  

•  Complete?	  No:	  fails	  in	  infinite-‐depth	  spaces,	  spaces	  with	  
loops	  
–  Modify	  to	  avoid	  repeated	  states	  along	  path	  

	  
à	  complete	  in	  finite	  spaces	  

	  

•  Time?	  O(bm):	  terrible	  if	  m	  is	  much	  larger	  than	  d	  
–  	  but	  if	  solu4ons	  are	  dense,	  may	  be	  much	  faster	  than	  breadth-‐first	  

	  

•  Space?	  O(bm),	  i.e.,	  linear	  space!	  
	  
•  Op4mal?	  No	  
	  

Depth-‐limited	  search	  
=	  depth-‐first	  search	  with	  depth	  limit	  l,	  
i.e.,	  nodes	  at	  depth	  l	  have	  no	  successors	  
	  

•  Recursive	  implementa4on:	  
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Itera4ve	  deepening	  search	   Itera4ve	  deepening	  search	  l	  =0	  

Itera4ve	  deepening	  search	  l	  =1	   Itera4ve	  deepening	  search	  l	  =2	  

Itera4ve	  deepening	  search	  l	  =3	   Itera4ve	  deepening	  search	  
•  Number	  of	  nodes	  generated	  in	  a	  depth-‐limited	  search	  to	  depth	  d	  with	  

branching	  factor	  b:	  	  
	  NDLS	  =	  b0	  +	  b1	  +	  b2	  +	  …	  +	  bd-2	  +	  bd-1	  +	  bd	  	  

•  Number	  of	  nodes	  generated	  in	  an	  itera4ve	  deepening	  search	  to	  depth	  d	  
with	  branching	  factor	  b:	  	  

NIDS	  =	  (d+1)b0	  +	  d	  b^1	  +	  (d-‐1)b^2	  +	  …	  +	  3bd-‐2	  +2bd-‐1	  +	  1bd	  	  

•  For	  b	  =	  10,	  d	  =	  5,	  
	  

–  NDLS	  =	  1	  +	  10	  +	  100	  +	  1,000	  +	  10,000	  +	  100,000	  =	  111,111	  
	  

–  NIDS	  =	  6	  +	  50	  +	  400	  +	  3,000	  +	  20,000	  +	  100,000	  =	  123,456	  
	  

•  Overhead	  =	  (123,456	  -‐	  111,111)/111,111	  =	  11%	  
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Proper4es	  of	  itera4ve	  deepening	  
search	  

•  Complete?	  Yes	  
	  
•  Time?	  (d+1)b0	  +	  d	  b1	  +	  (d-‐1)b2	  +	  …	  +	  bd	  =	  O(bd)	  
	  
•  Space?	  O(bd)	  
	  
•  Op4mal?	  Yes,	  if	  step	  cost	  =	  1	  

Summary	  of	  algorithms	  

Repeated	  states	  

•  Failure	  to	  detect	  repeated	  states	  can	  turn	  a	  
linear	  problem	  into	  an	  exponen4al	  one!	  

	  

Graph	  search	  

Summary	  
•  Problem	  formula4on	  usually	  requires	  abstrac4ng	  away	  real-‐

world	  details	  to	  define	  a	  state	  space	  that	  can	  feasibly	  be	  
explored	  

	  

•  Variety	  of	  uninformed	  search	  strategies	  
	  

•  Itera4ve	  deepening	  search	  uses	  only	  linear	  space	  and	  not	  
much	  more	  4me	  than	  other	  uninformed	  algorithms	  

	  

Outline	  
•  Chapter	  3	  –	  Informed	  Search	  

–  Best-‐first	  search	  
–  Greedy	  best-‐first	  search	  
–  A*	  search	  
–  Heuris4cs	  

•  Chapter	  4	  –	  Coming	  Soon	  
–  Local	  search	  algorithms	  
–  Hill-‐climbing	  search	  
–  Simulated	  annealing	  search	  
–  Local	  beam	  search	  
–  Gene4c	  algorithms	  
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Best-‐first	  search	  
•  Idea:	  use	  an	  evalua4on	  func4on	  f(n)	  for	  each	  node	  

–  es4mate	  of	  "desirability"	  
	  

à Expand	  most	  desirable	  unexpanded	  node	  
	  

•  Implementa4on:	  
	  Order	  the	  nodes	  in	  fron4er	  in	  decreasing	  order	  of	  desirability	  

	  
•  Special	  cases:	  

–  greedy	  best-‐first	  search	  
–  A*	  search	  

	  

Heuris4c	  

•  Problem	  solving	  by	  experimental	  methods	  
–  Trial	  and	  error	  

•  Heuris4c	  func4on	  h(n)	  
–  Takes	  node	  as	  input	  
–  Depends	  only	  on	  state	  of	  node	  
–  Es4mated	  cost	  of	  cheapest	  path	  from	  node	  n	  to	  a	  goal	  
node	  

–  Numerical	  es4mate	  of	  the	  “goodness”	  of	  a	  state	  

Greedy	  best-‐first	  search	  

•  Evalua4on	  func4on	  f(n)	  =	  h(n)	  (heuris4c)	  
	  	  	  	  	  	  =	  es4mate	  of	  cost	  from	  n	  to	  goal	  
	  
•  e.g.,	  hSLD(n)	  =	  straight-‐line	  distance	  from	  n	  to	  
Bucharest	  

	  
•  Greedy	  best-‐first	  search	  expands	  the	  node	  
that	  appears	  to	  be	  closest	  to	  goal	  

	  

Proper4es	  of	  greedy	  best-‐first	  
search	  

•  Complete?	  No	  –	  can	  get	  stuck	  in	  loops,	  e.g.,	  
Iasi	  à	  Neamt	  à	  Iasi	  à	  Neamt	  à	  	  

	  
•  Time?	  O(bm),	  but	  a	  good	  heuris4c	  can	  give	  
drama4c	  improvement	  

	  
•  Space?	  O(bm)	  -‐-‐	  keeps	  all	  nodes	  in	  memory	  
	  
•  Op4mal?	  No	  
	  

A*	  search	  

•  Idea:	  avoid	  expanding	  paths	  that	  are	  already	  
expensive	  

	  
•  Evalua4on	  func4on	  f(n)	  =	  g(n)	  +	  h(n)	  
	  
•  g(n)	  =	  cost	  so	  far	  to	  reach	  n	  
•  h(n)	  =	  es4mated	  cost	  from	  n	  to	  goal	  
•  f(n)	  =	  es4mated	  total	  cost	  of	  path	  through	  n	  to	  
goal	  

	  

Admissible	  heuris4cs	  
•  A	  heuris4c	  h(n)	  is	  admissible	  if	  for	  every	  node	  n,	  
	  h(n)	  ≤	  h*(n),	  where	  h*(n)	  is	  the	  true	  cost	  to	  reach	  the	  goal	  
state	  from	  n.	  

	  
•  An	  admissible	  heuris4c	  never	  overes4mates	  the	  cost	  to	  reach	  

the	  goal,	  i.e.,	  it	  is	  op4mis4c	  
	  
•  Example:	  hSLD(n)	  (never	  overes4mates	  the	  actual	  road	  

distance)	  
	  
•  Theorem:	  If	  h(n)	  is	  admissible,	  A*	  using	  TREE-SEARCH	  is	  

op4mal	  
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Op4mality	  of	  A*	  (proof)	  
•  Suppose	  some	  subop4mal	  goal	  G2	  has	  been	  generated	  and	  is	  in	  the	  fringe.	  Let	  n	  be	  

an	  unexpanded	  node	  in	  the	  fringe	  such	  that	  n	  is	  on	  a	  shortest	  path	  to	  an	  op4mal	  
goal	  G.	  

	  

•  f(G2)	  	  =	  g(G2) 	   	  since	  h(G2)	  =	  0	  	  
•  g(G2)	  >	  g(G)	   	   	  since	  G2	  is	  subop4mal	  	  
•  f(G)	  	  	  =	  g(G) 	   	  since	  h(G)	  =	  0	  	  
•  f(G2)	  	  >	  f(G) 	   	  f(G2)	  	  =	  g(G2)	  >	  g(G)	  =	  f(G)	  

Op4mality	  of	  A*	  (proof)	  

•  Suppose	  some	  subop4mal	  goal	  G2	  has	  been	  generated	  and	  is	  in	  the	  fringe.	  Let	  n	  be	  an	  
unexpanded	  node	  in	  the	  fringe	  such	  that	  n	  is	  on	  a	  shortest	  path	  to	  an	  op4mal	  goal	  G.	  

	  

•  f(G2) 	   	  >	  f(G)	   	   	  from	  previous	  slide	  	  
•  h(n) 	   	  ≤	  h*(n) 	   	  since	  h	  is	  admissible	  –	  h*(n)	  is	  true	  cost	  
•  g(n)	  +	  h(n) 	  ≤	  g(n)	  +	  h*(n)	  	  
•  f(n)	   	   	  ≤	  f(G) 	   	  ≤	  f(G2)	  
	  
Hence	  f(G2)	  >	  f(n),	  and	  A*	  will	  never	  select	  G2	  for	  expansion	  
	  

Op4mality	  of	  A*	  

•  A*	  expands	  nodes	  in	  order	  of	  increasing	  f	  value	  
	  
•  Gradually	  adds	  "f-‐contours"	  of	  nodes	  	  
•  Contour	  i	  has	  all	  nodes	  with	  f=fi,	  where	  fi	  <	  fi+1	  
	  

Consistent	  heuris4cs	  
•  A	  heuris4c	  is	  consistent	  if	  for	  every	  node	  n,	  every	  successor	  n'	  of	  n	  

generated	  by	  any	  ac4on	  a,	  the	  es4mated	  cost	  of	  reaching	  the	  goal	  from	  n	  
is	  no	  greater	  than	  the	  step	  cost	  of	  ge�ng	  to	  n’	  plus	  the	  es4mated	  cost	  of	  
reaching	  the	  goal	  from	  n’:	  
	  h(n)	  ≤	  c(n,a,n')	  +	  h(n')	  

	  
•  If	  h	  is	  consistent,	  we	  have	  
	  	  	  	  	  	  	  f(n')	  =	  g(n')	  +	  h(n')	  	  
	  	  	  	  	  	   	  	  	  	  	  	  	  	  	  =	  g(n)	  +	  c(n,a,n')	  +	  h(n')	  	  
	  	  	  	  	  	   	  	  	  	  	  	  	  	  	  ≥	  g(n)	  +	  h(n)	  	  
	  	  	  	  	  	  	  	  	  	   	  =	  f(n)	  
	  
•  i.e.,	  f(n)	  is	  non-‐decreasing	  along	  any	  path.	  
	  
•  Theorem:	  If	  h(n)	  is	  consistent,	  A*	  using	  GRAPH-SEARCH	  is	  op4mal	  

Proper4es	  of	  A*	  

•  Complete?	  Yes	  (unless	  there	  are	  infinitely	  
many	  nodes	  with	  f	  ≤	  f(G)	  )	  

	  
•  Time?	  Exponen4al	  
	  
•  Space?	  Keeps	  all	  nodes	  in	  memory	  
	  
•  Op4mal?	  Yes	  
	  

Admissible	  heuris4cs	  
E.g.,	  for	  the	  8-‐puzzle:	  
	  
•  h1(n)	  =	  number	  of	  misplaced	  4les	  
•  h2(n)	  =	  total	  ManhaBan	  distance	  
(i.e.,	  no.	  of	  squares	  from	  desired	  loca4on	  of	  each	  4le)	  
	  
	  

	  
	  
	  
•  h1(S)	  =	  ?	  	  
•  h2(S)	  =	  ?	  	  
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Admissible	  heuris4cs	  
E.g.,	  for	  the	  8-‐puzzle:	  
	  
•  h1(n)	  =	  number	  of	  misplaced	  4les	  
•  h2(n)	  =	  total	  ManhaBan	  distance	  
(i.e.,	  no.	  of	  squares	  from	  desired	  loca4on	  of	  each	  4le)	  
	  
	  

	  
	  
	  
	  
•  h1(S)	  =	  ?	  8	  
•  h2(S)	  =	  ?	  3+1+2+2+2+3+3+2	  =	  18	  	  

Dominance	  
•  If	  h2(n)	  ≥	  h1(n)	  for	  all	  n	  (both	  admissible)	  
•  then	  h2	  dominates	  h1	  	  
•  h2	  is	  beBer	  for	  search	  
	  

•  Typical	  search	  costs	  (average	  number	  of	  nodes	  expanded):	  
	  

•  d=12	  IDS	  =	  3,644,035	  nodes	  
	  A*(h1)	  =	  227	  nodes	  	  
	  A*(h2)	  =	  73	  nodes	  	  

•  d=24	   	  IDS	  =	  too	  many	  nodes	  
	  A*(h1)	  =	  39,135	  nodes	  	  
	  A*(h2)	  =	  1,641	  nodes	  	  

	  

Relaxed	  problems	  
•  A	  problem	  with	  fewer	  restric4ons	  on	  the	  ac4ons	  is	  called	  a	  

relaxed	  problem	  
	  
•  The	  cost	  of	  an	  op4mal	  solu4on	  to	  a	  relaxed	  problem	  is	  an	  

admissible	  heuris4c	  for	  the	  original	  problem	  
	  
•  If	  the	  rules	  of	  the	  8-‐puzzle	  are	  relaxed	  so	  that	  a	  4le	  can	  move	  

anywhere,	  then	  h1(n)	  gives	  the	  shortest	  solu4on	  
	  
•  If	  the	  rules	  are	  relaxed	  so	  that	  a	  4le	  can	  move	  to	  any	  adjacent	  

square,	  then	  h2(n)	  gives	  the	  shortest	  solu4on	  
	  


